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Assessment of the Accuracy of Gust Response Calculations by

Comparison with Experiments

C. G. B. M1rcHELL*
Royal Aircraft Establishment, Farnborough, Hampshire, England

Gust response calculations form part of the design process for modern aircraft, yet few

comparisons of the results of calculations and flight measurements have been published.

This paper deseribes three such comparisons, two for fighter aircraft and one for a jet trans-
port. The gust velocity and aircraft response was measured in one of these studies, and the

aircraft response only in the other two. Bending moments/g were estimated to 129, accu-
racy, but rms accelerations at the extremities of the aircraft, relative to that at the center of

gravity, were lower in flight than had been predicted. Results also are given from model tests

in which pressures on a slender delta passing through a large discrete gust were measured.
Equipment is described which will enable the response of slender-wing aircraft models to

large gusts to be measured.

Nomenclature

1A4] = inertia matrix

[B] = structural damping matrix

b = span

by = span at transducer n

101 = structural stiffness matrix

e(l) = general excitation

f(xy,2) = mode shape

Fa(v) = generalized air force in mode j due to harmonic motion
inmodek = F'(v) + iF" ;i(»)

F;(v) = generalized airforce in mode 7 due to harmonic gusts
= 3';(») + 3";(»)

l = reference length

m(x,y,2) = local element of mass

Ny = frequency of zero crossings

pall) = pressure at transducer n due to a gust

= generalized coordinate

(1) = general respouse

ri(t) = transient response to a unit step gust

s = distance parameter

S = area

{ = time

T, = transfer function for some response r to harmonie
gusts

V = flight speed

w = gust velocity

£L,1,2 = coordinates

Z = displacement

5(w) = Dirac delta

7 = fraction of semispan

v = {requency parameter

T = rms

T = time

@ = speciral density

w = angular frequency
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Subscript

7.k = mode identification

1. Introduction

NCREASINGLY complex automatic flight control sys-

tems are being fitted to aireraft. These systems are ca-
pable of operating at the frequencies at which the aireraft
structure vibrates, and will modify the vibration character-
istics of the aireraft. This modification may be undesirable,
possibly causing an instability akin to flutter. Alternatively,
the control system can be made to interact with the flexible
airframe in a desirable manner, to improve ride comfort and
reduce fatigue damage during flight in atmospherie
turbulence.

Before designing a control system as a gust alleviator, it is
useful to know how accurately the gust response of flexible
aircraft can be predicted by present methods. It is now a
routine part of the design process to make gust response
calculations that include the effects of unsteady airforees, of
the autopilot and autostabilizers, and of the flexibility of the
structure as represented by many vibration modes.! How-
ever, the only comparisons between calculations of this type
and flight measurements on swept or delta-wing aireraft that
have been published are for the symmetric response of the
B-47 to random turbulence over the frequency range 0-2
Hz,? for the B-47 symmetric response to discrete gusts,® and
for the symmetrie response of a nominally rigid F-106 delta-
wing fighter at low supersonic speeds.

This paper describes some recent work at the Royal Air-
eraft Establishment, Farnborough, in which the symmetrie
and antisymmetrie responses of advanced flexible aircraft to
atmospheric gusts are being studied. This is aimed at
assessing the acceuracy of present gust response caleulation
methods, first, for swept-wing flexible aircraft, by comparison
with flight tests on heavily instrumented aireraft; and
secondly for slender-wing flexible aireraft encountering very
large gusts, by comparison with model tests in which in-
strumented rigid and flexible models are flown through
simulated vertical gusts on a rocket-driven sledge. The
results of these comparisons indicate the reliability of the
caleulation methods employed, and have relevance in the
fields of airworthiness and in the analytical investigation of
various gust alleviation concepts, with particular reference to
their application to supersonic transport aircraft.
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The results given here include comparisons between the
calculated and measured response to turbulence of a Light-
ning fighter aircraft (with a 60° swept-wing) flying at M =
0.835 at low level; of a Mirage III fighter (60° delta-wing)
flying at M = 0.80 at low level; and of a Trident (35° swept-
wing tri-jet transport) flying at cruise speed at 15,000 ft.
The slender-wing response programs are not yet complete,
but results are given for the measured pressure histories on
the upper surface of a sharp-edge 73° delta-wing entering a
gust that increased the incidence to 13°. The experimental
equipment for measuring the response of a flexible model to
this same gust also is described.

2. Gust Response Calculation

2.1 Mathematical Model of the Aircraft

All the calculations described in this paper have been made
by a similar method, in which the responses of the aircraft
both to continuous random turbulence and to discrete gusts
are calculated simultaneously. Although the particular
method used to solve the equation of motion is not yet in
wide use, the completeness of the description of the aircraft
in these calculations does not differ significantly from that
used in industrial design caleulations, and the quality of the
comparisons with test results reported here should be typical
of that obtainable from design calculations.

The mathematical model of the aircraft is set up using
normal vibration modes to represent the flexibility of the air-
frame. These modes, which may be calculated or based on
ground resonance test measurements, are described by their
normalized shapes f;(x,y,2), their natural angular frequencies
w; rad/sec, and their generalized inertias A; = fm(zy,2)
filey2) felz,y,2) dS. KEach mode also has some amount of
structural damping.

The airforces on the wing and tail are caleulated separately
using Davies lifting-surface theory.> This is a numerical
solution of the linearized integral equation connecting the
unsteady pressure distribution on an harmonically oscillating
wing of general planform with the downwash at chosen points
on the wing, which has been programed for the ICL Mercury
and Atlas computers.

In the calculations described here the lifting surface pro-
gram is run for between 5 and 10 values of the frequency
parameter v(= wl/V, where [ is a typical length and V is the
flight speed). The generalized airforce in each rigid and
elastic mode is calculated for the pressure distributions due
to harmonic oscillation in each of the rigid and elastic modes,
and for those due to a pair of modes which, when added out
of phase, produce a harmonic wave of downwash, equivalent
to a gust, convecting over the aircraft at the flight speed.®

The forces due to this harmonic gust reflect the gradual
penetration of the gust by the aireraft, and the delay in the
development of the forces due to unsteady aerodynamic
effects. Both the forces due to motion in the rigid and elastic
modes of the aireraft (the response forces), and those due
to the gust, are harmonic, at the frequency of the aircraft
oscillation or gust, and have a frequency-dependent ampli-
tude and phase. This frequency dependence reflects the
effects that, in the time domain, lead to the gradual develop-
ment of forces after a sudden change of incidence or sudden
gust entry. The gust is assumed to be uniform across the
span of the aireraft, and to vary only along its length.

In symmetric calculations the pressure distribution on the
tailplane due to the rigid heave (vertical translation) and
pitch modes are scaled by the zero frequency value of (1 —
de/da) to allow for downwash at the tail, and the wing and
tail forces added to give the total on the aircraft. The zero
frequency values of the rigid body forces are compared with
wind-tunnel measurements, and forces on the fuselage added
to achieve correct values of the Iift curve slope and the static
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margin. Fuselage contributions to the generalized airforces
in the elastic modes are not included.

In Iateral calculations, the airforces in the elastic modes
are obtained from lifting-surface calculations, whereas the air-
forces in the rigid modes are obtained either from wind-tunnel
tests or from lifting-surface calculations. These calculations
have so far taken all the excitation of the aircraft to be due
to side gusts, and have neglected the antisymmetric effects
of variation of vertical gusts across the span.

¥or the calculations deseribed in this paper the control
surfaces have been taken to be fixed, but other calculations
have been made in which movements of the control surfaces
have been linked to the response of the structure at a sensor
location through a complex transfer function.

2.2 Basic Solution of the Equation of Motion

The aircraft is considered to be flying through continuous
harmonic gusts of wavelength A, which foree it to respond
harmonically at a frequency w rad/sec (= 2 V/A). The
corresponding value of the frequency parameter, which de-
termines the airforces, is v. The aircraft is analyzed as a
linear system, and the equation of motion for the harmonic
response of the generalized coordinates, which represent the
rigid and elastic modes, is derived from Lagranges equation.
These responses are assumed small, and the forward speed
of the aireraft is held constant. The axes used are typical of
most flutter analyses, in that they translate along the undis-
turbed flight path, without rotation, at the steady flight
speed.

Then, if the amplitude of the continuous harmonic gusts
is w, the equation of motion for the generalized coordinates
¢;(») can be written as

(=2*[A] + 2 [B] + [C] + [F'(v)] + i[F"(»)]) X
a0} = w/V{ls'®] + 5" (L)

where {A], [B], and [C] are square matrices of generalized
inertia, structural damping, and stiffness; [F’(v)] and [F"(»)]
are the in-phase and quadrature coefficients of the response
airforces; {5'(»)} and {5"(v)} are the in-phase and quadrature
coefficients of the gust airforces. {q(»)} is a column matrix
of generalized coordinates, so that the displacement Z of a
point (x,y,2) on the airframe in mode j is

Z@®) = Ufi@y,Dqm)e” 2

where s (= Vi/l) is the nondimensional time or distance
parameter.

It is usually more convenient to work in terms of the
transfer function of the generalized coordinates {T,(»)}, given
by the equation

(T,0)} = (=»2[4] + (B} + [C] + [F'&)] +
iF' D@ + 50D G

This transfer function is required at a large number of values
of the frequency parameter », whereas the airforces have only
been calculated at a small number of values of ». In the
course of evaluating Eq. (3), a polynomial curve is fitted to
each set of values of each airforce Fi(v) or %;(v), and the
value interpolated for the frequency at which the transfer
function is being evaluated. The characteristic matrix for
the aircraft is then inverted by a standard Gaussian elimina-
tion process.

After the transfer function matrix for the generalized co-
ordinates is known to the highest frequency that is of interest,
the response of the aircraft to a step gust ean be calculated
from the harmonic response by a Fourier transform tech-
nique.” If the response to a unit step gust is {¢(s)}, then this
is given by the integral equation

@=L f inm @
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or
)} = ;zrj: m{T,(»)} cojvs dv (5a)
- « sinvs
a0} = 2 [ Re(r,0)) 2% v (5)

Equations (5a) and (5b) follow from (4) because, first, there
is no response before the gust is encountered at s = 0, and
secondly, because of the symmetry and antisymmetry of the
real and imaginary parts of the transfer function. This
method, and the way it has been programed for the ICL
Mercury and Atlas computers, is deseribed in more detail in
the Appendix fo this paper.

2.3 Response to Continuous Turbulence

Transfer functions for deflections, velocities, and accelera-
tions of points on the structure are determined from the gen-
eralized coordinates by the use of a weighting matrix of
modal deflections [f(x,y,2)], so that the displacements Z at
points (z,y,2) are given by

{TZ(:c.y.z)<w)} = ZU(x’y;Z)]{Tq(V)} (6)

Structural loads are calculated by determining separately the
contribution to the loads from the gust airforce, the response
airforee, and the inertia loads, and adding these. This ap-
pears to be a more reliable method than the alternative, in
which the structural loads are estimated directly from the local
mode shapes.

Finally, the random responsc of the aircraft to continuous
random turbulence is caleulated by a standard application
of the power spectral density approach. For excitation by
turbulence with a spectral density ®(w), the spectral density
of some response quantity ®,.(w) is given by

P(w) = [Tr(w)*P(w) ()

where T,(w) is the transfer function describing the response
to harmonic gusts. The rms of the response ¢, is found by
integrating the spectrum of the response

o = ﬁ) &, (w)de ®)

If the excitation and its first derivative are independent and
each has a Gaussian probability distribution, then the fre-
quency of zero erossings with a positive slope 1s

© /2
No= -+ [ ) @,,(w)dew] ©
2o, Jo

Both the integrals in gs. (8) and (9) should cover the fre-
quency range zero to infinity. In practice, the integration
may have to be stopped at some high frequency in caleula-
tions and flight measurements, and at some low frequency in
measurements.  The resulting values of ¢ and Ny are called
“truncated.” Throughout the work described in this paper,
great care has been taken to ensure that when the results of
flight measurements and caleulations are compared, the
experimental and theoretical spectra are integrated over the
same frequency range.

2.4 Response to Discrete Gusts

The histories of the displacements, velocities, and accelera-
tions of points on the structure are calculated from the cor-
responding responses of the generalized coordinates in a step
gust, by the use of a weighting matrix as in Eq. (6). The
histories of the structural loads are found from their transfer
functions by the Fourier transform method described before.

Once the response to a step gust r1(¢) is known, the response
r(t) to a general gust w(t) is found by the use of Duhamel’s
superposition integral.

{
() = mw0) + fo (it — 1) ‘%’ @Mdr  (10)

3. Application to Specific Aircraft
with Flight Test Comparisons

3.1 General

There are many ways of comparing the calculated and
measured responses of an aireraft to atmospherie turbulence.
If the turbulence encountered during the experimental flying
was measured, both the magnitudes and phases of the trans-
fer functions of interesting response quantities can be deter-
mined from the measurements, and compared directly with
the calculated transfer functions. This was done in Ref. (2)
for the B-47 and has been done for some measurements that
have been made on an MS-760 straight-wing jet trainer at
the College of Aeronauties, Cranfield.*

In cases where the turbulence encountered was not mea-
sured it has to be estimated, and this can introduce errors.
The experimental spectra can be divided by the estimated
turbulence spectrum to provide estimates of the magnitudes
of the transfer functions. Alternatively, the calculated
transfer functions can be multiplied by the estimated turbu-
lence spectrum to provide response speetra, for comparison
with the measurements.

The comparisons deseribed previously are essentially qualita-
tive, in that the shapes of the spectra or transfer functions
are compared. Some degree of quantitative assessment of
the comparison can be made by determining the frequencies
and dampings of major response peaks.

Comparisons that are perhaps more directly relevant to
the engineering use of response spectra are of the rms response
to a unit rms gust, the ratios of the rms of the various response
quantities, and the frequencies of zero crossings of the re-
sponses. All these types of comparisons are used during the
remainder of this paper. The three flight measurement pro-
grams which provided the data for these comparisons were
not undertaken primarily for that purpose, and unfortunately
the gust velocity was only measured during one of the three.
For the other two investigations it was, therefore, not possible
to compare the measured and caleulated aireraft responses
per unit rms gust, and so in these cases the responses were
normalized with respect to the normal acceleration near the
center of gravity of the aircraft.

3.2 Lightning Fighter

In 1959, the response of the second prototype Pla Lightning
fighter was measured during flight at M = 0.835 at 1000 ft
through atmospheric turbulence.* The aireraft, which has
a 60° swept wing and a delta tailplane, was instrumented
with ten accelerometers (six normal and four lateral) and
three rate gyros, as is shown in Fig. 1. Records of accelera-
tions and angular rates were made on photographie paper
during a number of runs in turbulence. These were an-
alyzed to provide spectral densities of the aireraft responses
for the frequency range 0.45 to 15 Hz for the normal and
lateral accelerations near the c¢g, and the angular rates, and
for the range 1 to 30 Hz for the remaining accelerations.
The gust velocities were not measured.

The test aireraft was subsequently resonance tested and
its response to vertical and lateral gusts calculated separately.?
The caleulations included the two symmetric and three anti-
symmetric rigid body modes, five symmetric elastic modes
with {frequencies between 6 and 37 Hz, and four antisym-
metric modes with frequencies between 9 and 17 Hz. Mea-
surement of several of these modes on the ground had proved
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Fig. 1 Test aircraft and instrumentation positions.

difficult, as at some frequencies the aircraft vibrated asym-
metrically and with large phase differences between the
motion of the wings and the tail.

When the wing and tail symmetric airforces were calculated
it was found that dC./da and the static margin agreed with
test values to 3% and to 0.3% root chord, respectively, so
fuselage airforces were not included in the symmetric caleula-
tion.

As the turbulence encountered during the flight tests was
not measured, 1t was assumed to have a spectrum similar to
that measured on another occasion in the same area, at the
same height and at the same time of year. This spectrum
was used to allow an estimate to be made of the transfer
function for the c.g. normal acceleration from the flight
measurements, and also to enable the spectral densities of
all the response accelerations to be predicted. Vertical and
lateral gusts were taken to be uncorrelated, and to have the
same rms intensity and scale.

In Fig. 2 are shown the calculated and measured transfer
functions for the c.g. normal acceleration. The measured
function is the average of 17 estimates deduced from separate
test runs, with its amplitude scaled to coincide with the
calculated function at 2 Hz, where variation with frequency is
small.

Figure 3 shows the caleculated and measured spectra for
the normal and lateral e.g. acceleration, and the accelerations
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Table 1 Normalized rms accelerations for lightning

Acceleration Calculated Measured
c.g. normal 1.00 00
c.g. lateral 0.26 25

Front fuselage normal
Front fuselage lateral
Rear fuselage normal
Rear fuselage lateral
Port wing tip normal |
Stbd wing tip normal |
Aileron root normal
Fin tip lateral

NN W O=OoOO
€®
NN OO D
[9N]
o]

at the wing and fin tips. The calculated values are in turbu-
lence with an rms velocity of 1 m/sec, whereas the measured
values are from a 40-sec run in turbulence of unknown
velocity. Comparison of the two suggests that the test
turbulence had an rms of approximately 1.5 m/sec.

The symmetric response calculation gave generally better
results than the antisymmetric. The short period mode was
well predicted, and differed only slightly between rigid and
flexible aircraft calculations. The duteh roll mode was pre-
dicted rather badly by the rigid aircraft caleulation, but in-
clusion of the airframe flexibility improved the agreement
with the measurements considerably. Accuracy of the pre-
diction of the structural accelerations decreased as the fre-
quency was raised and also as the point at which the acclera-
tion was measured was moved toward the extremities of the
aireraft. The ecaleulated and measured rms accelerations,
normalized with respect to the c.g. normal acceleration, are
listed in Table 1.

The conclusions of Ref. 9 were 1) caleulations in which the
gust velocity is assumed constant across the span tend to
overestimate the accelerations of the extremities of the air-
craft, particularly at high frequency; 2) impurity of vibra-
tion modes measured during resonance tests can lead to ap-
preciable errors in the response calculations; and 3) to obtain
statistically reliable results from flight tests, it is necessary
to make long test runs, or a number of runs, in turbulence
under nominally identical conditions.

3.3 Mirage 111

A further comparison of the response of a fighter aireraft
to low-altitude turbulence has been made in cooperation
with the French Office National d’Etudes et de Recherches
Aerospatiales (ONERA)."® In this, ONERA was wholly
responsible for all aspects of the experimental work and for
the analysis of the flight measurements. The aircraft in this
instance was a Mirage III B fighter with a 60° delta wing,
which was flown at M = 0.80 at low level along the Medi-
terranean coast. Two test runs were made, each lasting
about 10 min. The aircraft was fitted with an incidence
vane, a normal accelerometer near the c.g., a pitech gyro and
a control transducer (see Fig. 1). Analogue measurements
from these instruments were recorded continuously on mag-
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netic tape, and were analyzed, using an analogue computer,
to provide transfer functions for the normal acceleration and
pitch rate due to turbulence, the spectrum of the vertical
gust veloeity, and the frequencies of level crossings for the
gust velocity, c.g. aceeleration and pitch rate.

The transfer function for the normal acceleration near the
¢.g. was calculated for the flexible aircraft. Flexibility was
represented by two measured normal modes at 10.5 and 13.6
Hz. As the weight and position of the center of gravity
varied appreciably during the measurement runs, the calcula-
tion was made for average values of these parameters. Figure
4 shows the calculated transfer function, together with ex-
perimental points from the flight measurements.

Because of its stiffness, little could be learned of the
dynamic effects of structural flexibility on the response of
the aircraft to turbulence. The flexibility introduced by
the two modes had a detectable effect on the short period
motion. The main value of this experiment was to confirm
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Fig. 4 Transfer function for Mirage 111 acceleration of
the structure near the c.g.

the ability of present methods to calculate the absolute values
of transfer functions for aireraft in turbulence.

3.4 Trident

An extension of the response study made on the Lightning
fighter was started in 1966, when a specially instrumented
H.S. Trident series 1 tri-jet transport with a 35° swept wing
and a T-tail was flown in turbulence at M = 0.55 at 15,000
ft (268 kt eas).'* A pumber of symmetric and antisymmetrie
response accelerations and structural strains were measured,
the instrument layout for the symmetric response quantities
being shown in Fig. 1. Measurement runs were made with
the autopilot engaged, with the autopilot off but the roll and
yaw dampers operating, and with the autopilot and dampers
off. The response quantities were recorded on magnetic
tape, and were later digitized and analyzed to provide spec-
tral densities for the frequency range 0.2-12 Hz.

Calculations were made!? for the symmetric response of the
aireraft to random turbulence with a spectral density given by

L1+ 5(1.339 wL/V)?
7V (1 + (1.339 oL, V)2]iis

P(w) = (1)

where L, the scale length, was taken to be 2500 ft. Further
caleulations with scales between 250 and 5000 ft were made
to assess the importance of this parameter.

The aircraft flexibility was represented by 6 caleulated
normal modes with frequencies in the range 2.8-15.5 Hz.
Bending moments at three wing stations and one tailplane
station were calculated by determining separately the con-
tribution to these from the gust airforces, the response air-
forees, and the inertia forces. The wing bending moments
caused by turbulence and by slow sinusoidal maneuvers
were calculated, and the ratio of the (BM/g)us to the (BM/
¢) mancuver defined as the turbulence response factor. Since
the wing strain gages were calibrated in flight by making
slow pull-up maneuvers, the ratio of (strain/g)e.s: to (strain/
g) maneuver was the quantity that was directly measured, and
from which an estimate of the wing bending moments in
turbulence was made.

Figure 5 shows a comparison of the caleulated and mea-
sured spectra for the normal accelerations on the structure
near the c.g., at the wing tip and at the centerline of the tail-
plane. The wing tip spectra show only the accelerations
caused by symmetric modes. The difference in magnitude
between the 2 sets of spectra is due to the intensity of the
turbulence encountered during the flight measurement. This
can be deduced to have been 2.3 m/sec tas rms velocity. The
caleulated and measured values of the rms accelerations,
normalized by the acceleration on the structure near the c.g.,
are given in Table 2. As an example of the spectrum of a
structural load, Fig. 6 shows the calculated and measured
spectra of the tailplane bending moment.
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Table 2 Normalized rms responses for Trident

Measured
Calcu- Run Run
Response lated 19 20

Accelerations

¢.g. normal 1.00 1.00 1.00

Cockpit 0.91 0.70 0.77

Tailplane centerline 1.50 1.50 1.52

Wing tip 5.14 5.07 4.10
Bending moment

Tailplane root, NM /g 31,300 28,900 28,700

(Bl\l/g)gust/(BM/g)manoeuvre

Wing root, » = 0.17 0.87 0.96 0.95

Wing rib 8, 5 = 0.42 0.91 1.03 1.01

Wing rib 13, » = 0.69 0.93 0.87 0.89

The variation along the wing of the turbulence response
factor for bending moment is shown in Fig. 7, together with
the frequency of zero crossings. The turbulence response
factor has been calculated for continuous random turbulence
and (see below) for discrete gusts, and is compared with
measurements in continuous turbulence. Ny has been cal-
culated and measured in continuous turbulence only.

Calculations have been made for the response of the air-
craft to discrete ramp gusts, in which the gust velocity in-
creases linearly to some maximum value, which is then held
steady. These calculations have been made for ramp
lengths of between 0 and 300 ft, and for each ramp length the
maximum values of the transient accelerations and bending
moments noted, for unit gust velocity. These maximum
values vary considerably with gust length, but when the
ratios of the bending moments to the acceleration of the
structure near the c.g. are caleulated they are found to vary
less as the gust ramp length 1s changed. The values of the
4 bending moments/g for discrete gusts are shown in Fig. 8.
The turbulence response factors have been calculated by tak-
ing the average values of the BM /g for gust lengths of 0-300
ft, and dividing this by the BM /g in a maneuver.

The caleulation seems to have overestimated the extent
to which the elastic modes are excited by turbulence. In the
case of the cockpit and tailplane accelerations, this conclusion
cannot be made directly from the rms accelerations, as the
caleulation has under estimated the pitehing of the aireraft
at the short period frequency by about 10%.

Although the accelerations at the extremities of the aireraft
are overestimated by the caleulation, the elastic modes
contribute little to the structural loads, and agreement be-
tween the calculated and measured loads and turbulence
response factors is quite good. Both continuous turbulence
and discrete gust calculations give results that agree with
the flight measurements to within 129, with average errors
of 9% and 89, respectively. However, along the wing the
trends of the caleulated and measured turbulence response
factors differ, again suggesting that the caleulation has over-
estimated the excitation of the elastic modes.

4. Model Tests to Determine the Response
of Supersonic Transport Aircraft to
Atmospheric Turbulence

4.1 General

During the development of Concorde, many calculations
have been made to determine the response of slender-wing
aircraft in general, and supersonic transports in particular,
to discrete gusts and to continuous turbulence. Some of
the early results were unusual, but as the aireraft has become
more fully defined, and as the caleulations have become more
detailed, its dynamic characteristics have emerged as being
typical of a moderately large, rather flexible, transport air-
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Fig. 7 Trident wing bending moments.

craft. However, almost all of the dynamic response calcu-
lations to date have assumed that the unsteady airforces on
the flexible wing are those associated with attached flow,
and that these forces can be caleulated from the conventional
linearized equations connecting the downwash at a wing and
the pressure distribution on it.

This assumption is, of course, quite inadequate with regard
to the steady airforces acting on a slender wing with sharp
leading edges, from which the flow separates. However,
making this assumption, it has proved possible to predict
symmetric flutter speeds for slender wing models at low Mach
numbers very accurately.

To determine the transient airforces on slender wings in
large gusts, and to study the response of slender-wing aireraft
to these gusts, two sets of model tests have been made.
These are described below. T

4.2 Transient Pressures in Large Gusts

The change of pressure at four points on the upper surface
of a slender-delta wing entering and leaving a large gust have
been measured in a series of model tests.’®* The model, which
is sketched in Fig. 9, was 30 in. long and had an aspect ratio
of 1.2. Tt was fitted with four pressure transducers equally
spaced along a ray at 0.75 semispan, the forward transducer
being 9 in. and the aft transducer 18 in. aft of the apex.
The model was mounted rigidly on an aerodynamically
stabilized dart on a sledge that can be fired at up to 200 ft/sec
along a high-speed track. The track passes an open jet
wind tunnel, the efflux from which can produce a uniform
gust 45 ft deep along a 15-ft length of the track. The gust
velocity is 46 ft/sec, which causes an incidence change at the
wing of about 13°.  The jet that produces the gust has mix-
ing zones about 10 in. deep at its edges.

The model was flown through the gust at initjal incidences
of 0, 5, and 10° and the histories of the four pressures p,(t) re-

T These experiments were made at R.AL. Farnborough
by D. R. Roberts and G. XK. Hunt, and by H. Hall and R. Cans-
dale, respectively.
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Fig. 8 Trident response to discrete gusts.

corded. These histories were normalized by the final pres-
sures p,(e) and plotted against a nondimensional time s’
based on the local span b, (so that s’ = V¢/b,). This col-
lapsed the results from the four transducers onto a single
curve. There was less scatter between the individual curves
for a single run than between the mean curves for different
runs. This latter variation was probably caused by differ-
ences of the velocity profile in the mixing zone at the edge of
the gust.

At each of the transducers, the pressure did not change until
the transducer entered the gust. After entering the gust,
the normalized pressure p.(8)/pa() had reached a value of
0.8 in the time taken by the wing to travel between 13 and
4 times the local span, and by the time it had traveled 5
times the local span p,(f)/p.(=) was between 0.9 and 1.0.
At no time did a pressure exceed its final steady value. As
each transducer left the gust, the local pressure returned to
its undisturbed value almost instantaneously.

The four corresponding pressure histories for the delta-wing
entering a step gust were caleulated assuming the flow over
the wing did not separate from the leading edges. This was
done by using Davies lifting-surface program to calculate
the harmonic pressures, at the positions of the transducers,
caused by harmonic gusts. The Fourler transform programs
described in the Appendix were then used to derive the
transient pressures due to a step gust. Apart from the
attached flow assumption, the caleulated pressures are differ-
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Fig.9 The pressure rise on a slender delta entering a dis-
crete gust.
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ential across the wing, whereas the measured pressures are for
the top surface only.

The caleulated pressure histories were normalized, and
collapsed onto a single curve when plotted against s’ (=
Vt/b,). This curve is compared, in Fig. 9 with the fastest-
changing measured history. This fastest history was chosen
as being the one appropriate to a near-step shape of gust.
It will be seen that the calculated history, which would apply
to both gust entry and exit if the wing aerodynamics were
linear, actually agrees rather well with the measured history
with separated flow. This suggests that the rate at which
the forces develop on a wing is not very sensitive to the de-
tails of the flow pattern producing the forces. However, the
measured pressure histories at exit from the gust bear no
resemblance to the caleulated, and are in practice much
more abrupt.®

4.3 Transient Response to Large Gusts

A further series of model tests is currently being made,
using the gust track facility described previously, to measure
thesymmetric response of rigid and flexible slender-wing models
to large discrete gusts.”® The models are mounted on a slide
that allows symmetric translation and pitch, and are re-
leased from the end of the slide just before entering the gust.
(Because the gust blows horizontally across the track the
model is mounted rolled through 90°, and lateral motion
across the track simulates symmetrie, or vertical, motion of
the model in model coordinates.) The model, on its slide, is
carried by a dart on the sledge of the high-speed track, as
is shown in Fig. 10. The rigid and flexible models are
identical aerodynamically, and have an ogival wing of aspect
ratio 1.2.

The rigid model, which so far has been used to develop the
instrumentation system, is fitted with normal accelerometers
near the c.g. and in the nose. Signals from these are re-
corded on a tape recorder carried on the sledge. The model
is filmed also by a camera on the sledge, and by another
mounted above the gust tunnel.

It has proved to be difficult to avoid contamination of the
signal by the response of the model to track roughness, but
this has now been done by making changes to both the model
support and to the instrumentation system. Useful results
are being produced and it is hoped that soon it will be possible
to obtain results that are of sufficient quality to allow com-
parison with linear and nonlinear gust response calculations.

The flexible model is made from an aluminum alloy plate
machined to provide the desired structural stiffness, ballasted
to the correct mass distribution, and covered with a foamed
plastic to provide a smooth aerodynamic shape. It is in-
strumented with 12 miniature accelerometers. It is likely
that the use of this model on the gust track will cause more
difficulties from signal contamination and from variation of
the detailed shape of the simulated gust, but provided these
can be overcome the experiment should provide a new insight
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into the effect of nonlinear aerodynamic forcss on the gust
response of flexible aircraft.

5. Discussion and Conclusions

The standard of the gust response calculations deseribed
in this paper is believed to be typical of those made to date.
Improvements that can be immediately foreseen are the
inclusion of the unsteady aerodynamic interference between
the wing and tailplane, and the extension of the caleulations
to include the variation of the turbulence across the span
of the aircraft. Both these improvements will increase the
amount of computing significantly.

It has been shown, by comparison with flight measure-
ments, that the present standard calculations are capable of
predicting the low-frequency behavior of elastic aircraft to
an accuracy of about 109, but that they overestimate the
excitation of the higher frequency elastic modes appreciably.
Beeanse most structural loading oceurs at the lower fre-
quencies, it can be estimated to within 15%,. The accelera-
tions at the extremities of flexible aircraft are lower in flight
than would be predicted.

The accuracy of the flight measurements reported in this
paper was probably 5 to 109 on rms values, and so was com-
parable to the accuracy of the caleulations. Until greater
accuracy 1s needed for design purposes, and can be obtained
from flight measurements, there would appear to be little
justification for elaborating the calculations, except as a
research exercise to make methods available in case of need.

Because of the coincidental similarity of the attached and
separated flow transient pressure histories on slender wings
entering gusts, the use of linearized aerodynamic theories for
some response problems on this class of aireraft appears
justified. However, it must be noted that the change in
pressure on these wings is almost instantaneous when they
go from a lifting to a nonlifting condition. This should be
represented in calculations of the response to gusts that re-
duce, but do not reverse, the lift on such aircraft.

Appendix: Calculation of the Response
to Discrete Step Gusts by a Transform Method

For linear systems, the responses to harmonic and transient
excitation are related. If the transfer function for a particu-
lar parameter is T,.(w), then the transient response of that
parameter r(f) to transient excitation e(t) is given by

r(w) = T, (we(w) (A1)

where 7:(—w§ and e(*w)— are the Fourier transforms of r(f) and
e(t). These are defined as

@) = f - r(e= it di (A2)
r(t) = Q%r f _ww?(Z)eM dw (A3)

e(w) and e(?) are similarly related.

To calculate the response of an aircraft to a diserete unit
step gust, havingw = 0,¢t < 0; w = 1, ¢t > 0, we note that
the transform of a unit step 1(¢) is

1) = md(w) + (1/iw) (Ad)
Thus, the transform of the response to a unit step gust is
r(w) = (Tr(w)/iw) + 75(w)Te(w) (AB)

where T,(w) is the transfer function for the response to har-
monie gusts. To avoid a singularity in rm{w) at @ = 0, it is
necessary for T,(w) to tend to zero as w tends to zero, so the
second term in Eq. (A5) does not, in practice, contribute to

2 (O)) .
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The transform of the response has real and imaginary parts,
s0 that

r(w) = n'(w) + 17" () (A6)

71(w) 1s an even function of w, 7”1(w) is an odd funetion, and
() = 0fort < 0. With these conditions 7(f) can be evalu-
ated independently from either #/;(w) or 7”1 (w)

ri(t) = 72“/:)00 7' (w) coswt dw (A7)

2 (e .
n = == 7 7@ sinet de (A8)

Substitution of Eq. (A5) in Eqgs. (A7) and (A8) gives the
main paper Egs. (5a) and (5b).

Equations (A7) and (A8) can be integrated to some high,
but finite, value of w. As this cut-off frequency is raised the
value of the truncated integral oscillates about its true value,
passing near it when wt = nr for Eq. (A7) and ot = w(2n +
1)/2 for Eq. (A8), n being an integer. To obtain an accurate
estimate of r1(f), the integral in Iiq. (A7) is evaluated to a
value of n, say N, that corresponds to an & beyond which
7’1(w) reduces monotonically with increasing w. This value,
nY, is stored and the integration continued to evaluate
r VL A good estimate of r1(¢) is then the average of r,¥ and
r ¥t The integral in Eq. (A8) is evaluated similarly.

These integrations are carricd out numerically on a digital
computer using a program that has been combined with the
one that forms and solves Eq. (3) for the aireraft transfer
function. This ensures that penetration of the gust and un-
steady aerodynamic effects on the gust and response airforces
are included in the calculation of both the harmonic and the
trausient responses of the aireraft in an identical manner.,
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